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1. Introduction
Several modern approaches in the area of information sciences do not deal
with numerical information, but more general types of data are considered,
in particular data which are elements of bounded lattices. As a typical ex-
ample, recall Goguen’s introduction of L-fuzzy sets [8] and several of related
particular concepts based on particular bounded lattices, such as fuzzy type-2
sets proposed by Zadeh [23] or Atanassov’s intuitionistic fuzzy sets [1]. Simi-
larly, bounded lattices are exploited to represent ordinal information dealing
with linguistic scales [24] etc. This is especially important in domains, where
the essential information is either not available, or superfluous, and only the
ordinal relationships are of interest. We can mention several recent papers
devoted to a deeper study of lattice-based data see, e.g., [6, 22]. Aggregation
on bounded lattices belongs to basic tools of lattice-based data, and thus a
deeper development of aggregation on lattices is an important and hot topic.
To illustrate this fact and to give the reader more broader overview on re-
cent results on aggregation on lattices, we recommend the papers [4, 5, 7],
or recent papers [13, 14], where aggregation functions are studied by means
of a clone theory.
Recall that an n-ary aggregation function g : Ln → L, where (L, 0, 1,≤)
is a bounded lattice (or, more generally, a bounded poset) is characterized by
its non-decreasingness in each coordinate and by two boundary conditions
g(0, . . . , 0) = 0 and g(1, . . . , 1) = 1. Typical aggregation functions on a
bounded distributive lattice are lattice polynomials p : Ln → L given by
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p(a1, . . . , an) =
∨
I∈J
(∧
i∈I
ai
)
,
where J ⊆ 2{1,...,n} is a non-empty subset of the power set of {1, . . . , n}.
The main aim of this contribution is a study of n-ary aggregation func-
tions acting on a bounded distributive lattice L which preserve congruences
of L. Note that we will show that such aggregation functions are completely
characterized by their values at boolean elements b ∈ {0, 1}n. Moreover, our
approach shows how idempotent pseudo-boolean functions can be extended
into congruence preserving aggregation functions, which surprisingly gives
the integration method known as lattice-valued Sugeno integral. When re-
stricting our approach to the real unit interval [0, 1], the standard Sugeno
integral is recovered, and thus our results bring a new axiomatization of this
well-known integral (compare also our recent paper [12]).
The paper is organized as follows. In the next section some basic in-
formation concerning Sugeno integrals is given. Section 3 brings our main
results, characterizing aggregation functions preserving the congruences on
L. In Section 4 the impact of our new results to the standard Sugeno integral
is given. Finally some concluding remarks are added.
2. Sugeno integral
Sugeno integral was introduced in 1972 by M. Sugeno in a paper written
in Japanese [20], and it became well-known due to Sugeno’s PhD. thesis
[21]. For a measurable space (X,A) and a monotone measure m : A → [0, 1],
(m(∅) = 0, m(X) = 1), the Sugeno integral Sum(f) of a measurable function
f : X → [0, 1] is given by
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Sum(f) =
∨
t∈[0,1]
(
t ∧m({x ∈ X | f(x) ≥ t})
)
. (1)
For a finite space X = {x1 . . . , xn}, A = 2
X , f : X → [0, 1] can be
identified with a vector u ∈ [0, 1]n, u = (u1, . . . , un) =
(
f(x1), . . . , f(xn)
)
,
and formula (1) can be rewritten into
Sum(f) =
n∨
i=1
(
ui ∧m({x ∈ X | f(x) ≥ ui})
)
. (2)
An alternative formula for the discrete Sugeno integral was proposed in
[19]:
Sum(f) =
∨
I⊆{1,...,n}
(
m(I) ∧
(∧
i∈I
ui
))
. (3)
Observe that the Sugeno integral can be seen as a special instance of
Ky Fan metric [16] as a distance of the function f and the zero function
0. There are several properties of the discrete Sugeno integral and some of
their settings yield an axiomatic characterization of this integral. First of
all, for a fixed m ∈ N, Sum can be seen as an aggregation function [9], i.e.,
Sum : [0, 1]
n → [0, 1] is non-decreasing in each coordinate, and it satisfies two
boundary conditions Sum(0) = 0 and Sum(1) = 1. Next, Sum is
– comonotone maxitive, i.e., Sum(f ∨ g) = Sum(f) ∨ Sum(g) whenever f
and g are comonotone (meaning that they are measurable with respect
to a single chain in 2X);
– min-homogeneous, i.e., Sum(c ∧ f) = c ∧ Sum(f) for any constant c ∈
[0, 1], c = (c, . . . , c) ∈ [0, 1]n;
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– horizontally maxitive, i.e., Sum(f) = Sum(c ∧ f) ∨ Sum(fc) for any
c ∈ [0, 1], where fc(xi) = 0 if f(xi) ≤ c and fc(xi) = f(xi) otherwise
(observe that fc is the smallest function on [0, 1]
n such that f = (c ∧
f) ∨ fc );
– Sum(1E) = m(E), where 1E is the characteristic function of a set E ⊆
X ;
– idempotent, i.e., Sum(c) = c for any c ∈ [0, 1].
For these and several other properties of the discrete Sugeno integral we
refer to [2, 17] and [3]. Based on the above references, the Sugeno integral
can be characterized as an [0, 1]n → [0, 1] aggregation function which is
comonotone maxitive and min-homogeneous. Observe that the comonotone
maxitivity can be replaced by the horizontal maxitivity. For some other
axiomatizations of the Sugeno integral see [3]. Marichal [18] has observed
an important link between the lattice polynomials on [0, 1] and the Sugeno
integral. More precisely, he has shown that the class of all Sugeno integrals
on X with cardinality n coincides with the class of all polynomial functions
p : Ln → L, L = [0, 1], which are idempotent. This result applies to discrete
Sugeno integral defined on any bounded chain L, considering the formulae
(1)–(3), and replacing [0, 1] by L. Also the above mentioned axiomatizations
of the Sugeno integral can be extended to any chain L. However, in the
case of a general bounded distributive lattice (L, 0, 1,≤), formulae (1)-(3)
are no more equivalent, in general. Following Marichal [18], we can consider
a lattice valued measure m : 2X → L, m(∅) = 0, m(X) = 1, m(E1) ≤ m(E2)
whenever E1 ⊆ E2 ⊆ X , and for any f : X → L define a discrete L-valued
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Sugeno integral by
Sum(f) =
∨
I⊆{1,...,n}
(
m(I) ∧
(∧
i∈I
f(xi)
))
. (4)
For more details we recommend [3].
3. Compatible aggregation functions on distributive lattices
In this section we clarify the connection between monotone compatible
functions on bounded distributive lattices and their weighted lattice polyno-
mials. As the main result we will show that these functions can be identified
with Sugeno integrals.
Recall that a lattice L is distributive, if it satisfies one (or, equivalently,
both) of the distributive identities
a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c), a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)
for all a, b, c ∈ L.
Definition 3.1. Let L be a lattice. A binary relation R ⊆ L2 is compatible
on the lattice L if (a, b), (c, d) ∈ R imply (a∨c, b∨d) ∈ R and (a∧c, b∧d) ∈ R
for any a, b, c, d ∈ L. By a congruence on L we understand any compatible
equivalence on L.
In the sequel, for a congruence Θ on L and a ∈ L, the set {x ∈ L :
(a, x) ∈ Θ} denotes the congruence class containing the element a, and a ≡ b
(mod Θ) will denote the fact that a and b belong to the same congruence
class.
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Definition 3.2. Let L be a lattice and n ∈ N ∪ {0} be a non-negative
integer. By an n-ary weighted polynomial2 on the lattice L we mean any
function p : Ln → L defined inductively as follows:
– for each i ∈ {1, . . . , n}, the i-th projection p(x1, . . . , xn) = xi is a
weighted polynomial,
– any constant function p(x1, . . . , xn) = a for a ∈ L is a weighted poly-
nomial,
– if p1(x1, . . . , xn) and p2(x1, . . . , xn) are weighted polynomials, then so
does the functions p1(x1, . . . , xn) ∨ p2(x1, . . . , xn) and p1(x1, . . . , xn) ∧
p2(x1, . . . , xn),
– any weighted polynomial is obtained by finitely many of the preceding
steps.
Informally, weighted lattice polynomials are functions obtained by com-
posing variables and constant functions by using of lattice operations.
Definition 3.3. Let L be a lattice. A function f : Ln 7→ L is called com-
patible if for any congruence Θ on L,
f(x1, . . . , xn) ≡ f(y1, . . . , yn) (mod Θ),
provided xi ≡ yi (mod Θ) for all i ∈ {1, . . . , n}.
2We use the name weighted polynomial introduced in [18], although in algebraic ter-
minology such functions are called just polynomials.
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To simplify expressions, for any n-ary function f : Ln → L on a lattice
L and x = (x1, . . . , xn),y = (y1, . . . , yn) ∈ L
n, we put f(x) := f(x1, . . . , xn),
and x ≤ y iff xi ≤ yi for all i ∈ {1, . . . , n}.
It can be easily seen that for any lattice, its weighted polynomials are
always compatible functions. Compatible functions on distributive lattices
have been studied in deep by many authors, we refer the reader to [10] or
[15].
The set ConL of all congruences of L is closed under arbitrary intersec-
tions, hence ConL forms a complete lattice with respect to the set inclusion.
Consequently, for any two elements a, b ∈ L there is a least congruence Θa,b
containing the pair (a, b), called the principal congruence generated by the
singleton (a, b).
In order to make the paper self-contained as much as possible, we provide
the following important lemma, characterizing the principal congruences on
distributive lattices, together with its proof.
Lemma 3.4 ([11], p. 138, Theorem 141). Let L be a distributive lattice,
a, b, x, y ∈ L, and let a ≤ b. Then
x ≡ y (mod Θa,b) iff b ∨ x = b ∨ y and a ∧ x = a ∧ y.
Proof. Define a binary relation Θ ⊆ L× L by x ≡ y (mod Θ), provided
b ∨ x = b ∨ y and a ∧ x = a ∧ y.
It can be easily seen that Θ is reflexive, symmetric and transitive, i.e., it is
an equivalence relation on L. If x ≡ y (mod Θ) and u ≡ v (mod Θ), then
b ∨ (x ∨ u) = (b ∨ x) ∨ (b ∨ u) = (b ∨ y) ∨ (b ∨ v) = b ∨ (y ∨ v)
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and
a ∧ (x ∨ u) = (a ∧ x) ∨ (a ∧ u) = (a ∧ y) ∨ (a ∧ v) = a ∧ (y ∨ v).
Hence, x ∨ u ≡ y ∨ v (mod Θ). Similarly, x ∧ u ≡ y ∧ v (mod Θ) and we
conclude that Θ is a congruence relation on L. Moreover, a ≡ b (mod Θ)
can be easily verified.
Further, let Ψ be any congruence relation such that a ≡ b (mod Ψ). We
show that Θ ⊆ Ψ. For this suppose x ≡ y (mod θ). Since a ∨ x ≡ b ∨ x
(mod Ψ), a∧ x ≡ b ∧ x (mod Ψ) and b ∨ x = b∨ y, a∧ x = a∧ y, we obtain
x =(a ∧ x) ∨ x = (a ∧ y) ∨ x = (a ∨ x) ∧ (y ∨ x) ≡ (b ∨ x) ∧ (y ∨ x)
=(b ∨ y) ∧ (y ∨ x) = (b ∧ x) ∨ y ≡ (a ∧ x) ∨ y = (a ∧ y) ∨ y = y. (mod Ψ)
This shows that Θ ⊆ Ψ for any congruence Ψ with a ≡ b (mod Ψ), i.e.,
Θ = Θa,b. Hence, b ∨ x = b ∨ y and a ∧ x = a ∧ y implies x ≡ y (mod Θa,b),
while b ∨ x 6= b ∨ y or a ∧ x 6= a ∧ y yields x 6≡ y (mod Θa,b).
Recall that the median function med : L3 → L on a lattice L is defined
by
med(x, y, z) = (x ∨ y) ∧ (y ∨ z) ∧ (z ∨ x).
Note that in distributive lattices, med(x, y, z) = (x∧ y)∨ (y∧ z)∨ (z ∧ x)
and if x ≤ z then med(x, y, z) = (x ∨ y) ∧ z = x ∧ (y ∨ z).
Let L be a bounded distributive lattice with 0 and 1 as its bottom and
top element, respectively. Let n ≥ 1 be a positive integer. For k ∈ {1, . . . , n}
and any x = (x1, . . . , xn) ∈ L
n the elements x0k,x
1
k ∈ L
n are defined by
x0k = (x1, . . . , xk−1, 0, xk+1, . . . xn), (5)
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x1k = (x1, . . . , xk−1, 1, xk+1, . . . xn). (6)
The following theorem relates compatibility with the median-based de-
composition property.
Theorem 3.5. Let f : Ln → L be a nondecreasing function. Then f is
compatible if and only if for each k ∈ {1, . . . , n}
f(x) = med
(
f(x0k), xk, f(x
1
k)
)
, for all x ∈ Ln. (7)
Proof. First we show that the condition (7) is valid for all unary compatible
functions, i.e., given a nondecreasing compatible function f : L → L the
equality
f(x) = (f(0) ∨ x) ∧ f(1) = med
(
f(0), x, f(1)
)
holds for all x ∈ L.
Since f is compatible, from 0 ≡ a (mod Θ0,a) we have f(a) ≡ f(0)
(mod Θ0,a), while a ≡ 1 (mod Θa,1) yields f(a) ≡ f(1) (mod Θa,1). Accord-
ing to Lemma 3.4 we have
a ∨ f(a) = a ∨ f(0) and a ∧ f(a) = a ∧ f(1).
From this, using distributivity of L and the fact that f is nondecreasing, we
obtain
f(a) = f(a) ∨
(
a ∧ f(a)
)
= f(a) ∨
(
a ∧ f(1)
)
=
(
f(a) ∨ a
)
∧
(
f(a) ∨ f(1)
)
=
(
f(0) ∨ a
)
∧ f(1) = med
(
f(0), a, f(1)
)
.
Further, let n ≥ 2 and f : Ln → L be a nondecreasing compatible
function. For k ∈ {1, . . . , n} and for an arbitrary (n − 1)-tuple ak =
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(a1, . . . , ak−1, ak+1, . . . , an) ∈ L
n−1 we define the unary function fak(x) : L→
L given by
fak(x) = f(a1, . . . , ak−1, x, ak+1, . . . , an).
Obviously, fak is nondecreasing as well as compatible. Hence for any a ∈ L
we obtain
fak(a) =
(
fak(0) ∨ a
)
∧ fak(1) = med
(
fak(0), a, fak(1)
)
.
Moreover for a = (a1, . . . , ak−1, a, ak+1, . . . , an) we have fak(0) = f(a
0
k)
and fak(1) = f(a
1
k), where a
0
k and a
1
k are defined by (5) and (6) respectively.
Since ak and a were arbitrary, it follows that (7) holds.
Conversely, assume that f : Ln → L, n ≥ 1 satisfies (7). Then for each k ∈
{1, . . . , n} and all ak ∈ L
n−1 the unary function fak is a polynomial, i.e., it is
compatible. Let Θ be a congruence relation on L, and c = (c1, . . . , cn),d =
(d1, . . . , dn) ∈ L
n be such that ci ≡ di (mod Θ) for all i ∈ {1, . . . , n}. Using
compatibility of the unary functions we obtain
f(c1, c2, . . . , cn−1, cn) ≡ f(d1, c2, . . . , cn−1, cn) (mod Θ)
f(d1, c2, . . . , cn−1, cn) ≡ f(d1, d2, . . . , cn−1, cn) (mod Θ)
...
f(d1, d2, . . . , dn−1, cn) ≡ f(d1, d2, . . . , dn−1, dn) (mod Θ),
and the transitivity of Θ yields f(c) ≡ f(d) (mod Θ). This shows that f is
compatible.
Theorem 3.6. Let f1 : L
n → L and f2 : L
n → L be two nondecreasing com-
patible functions. If f1(b) = f2(b) for all b ∈ {0, 1}
n, then f1(x) = f2(x) for
all x ∈ Ln.
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Proof. We proceed by induction with respect to the arity of the functions.
Note that by the previous theorem any nondecreasing compatible function
satisfies the median-based decomposition property (7). Obviously, for n = 1
we obtain
f1(x) = med
(
f1(0), x, f1(1)
)
= med
(
f2(0), x, f2(1)
)
= f2(x).
Further, assume that the assertion is valid for some n ≥ 1. Let f1, f2 : L
n+1 →
L satisfy the assumptions of the theorem. For i ∈ {1, 2} define f 0i : L
n → L
by
f 0i (x1, . . . xn) = fi(x1, . . . , xn, 0)
and similarly f 1i : L
n → L by
f 1i (x1, . . . xn) = fi(x1, . . . , xn, 1).
Since f1(b) = f2(b) for all b ∈ {0, 1}
n+1, it is easily seen that f 01 (c) =
f 02 (c) and f
1
1 (c) = f
1
2 (c) for all c ∈ {0, 1}
n. Moreover these functions
fulfill also condition (7), hence according to the induction hypothesis for
x = (x1, . . . , xn, xn+1) ∈ L
n+1 and the corresponding first n coordinates
x = (x1, . . . , xn) ∈ L
n we obtain
f1(x) = med
(
f1(x
0
n+1), xn+1, f1(x
1
n+1)
)
= med
(
f 01 (x), xn+1, f
1
1 (x)
)
= med
(
f 02 (x), xn+1, f
1
2 (x)
)
= med
(
f2(x
0
n+1), xn+1, f2(x
1
n+1)
)
= f2(x).
Corollary 3.7. Any nondecreasing compatible function f : Ln → L is uniquely
determined by its values at boolean elements b ∈ {0, 1}n.
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Let us note that Corollary 3.7 is due to G. Gra¨tzer [10], but his proof
is completely different. It uses the fact that every distributive lattice L can
be (canonically) embedded into a Boolean algebra (using a set-theoretical
representation of L) [11].
Characterization of functions satisfying (7) as precisely those functions
which are weighted lattice polynomials was established by Marichal in [18].
However, Corollary 3.7 enables to associate a unique L-valued monotone
measure to each monotone compatible function. Using this fact, we present
a different proof based on the modification of the approach developed in [15].
Given a nondecreasing compatible function g : Ln → L, for any b ∈
{0, 1}n consider the functions
Gb(x) := g(b) ∧
∧{
xi | i ∈ b
−1(1)
}
, (8)
where b−1(1) = {i ∈ {1, . . . , n} : bi = 1}.
Theorem 3.8. For any monotone compatible function g the following equal-
ity holds:
g(x) =
∨{
Gb(x) | b ∈ {0, 1}
n
}
. (9)
Proof. Since the functions on both sides are compatible, due to Corollary 3.7,
it is enough to prove the above equality only for boolean inputs x ∈ {0, 1}n.
Consider an arbitrary b ∈ {0, 1}n. We have the following possibilities:
(1) Let b  x. Then there is j ∈ {1, . . . , n} with bj = 1 (i.e., j ∈ b−1(1))
and xj = 0, which yields
∧
{xi | i ∈ b
−1(1)} = 0. Consequently, we
obtain Gb(x) = g(b) ∧ 0 = 0.
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(2) Let b = x. Then, evidently,
∧
{xi | i ∈ b
−1(1)} =
∧
{xi | i ∈ x
−1(1)} =
∧
1 = 1 whenever b−1(1) 6= ∅, and it equals
∧
∅ = 1 in case b−1(1) = ∅.
In both cases we obtain Gb(x) = g(b) ∧ 1 = g(b) = g(x) since we
assumed b = x.
(3) Assume b < x. Then as the function g is monotone and b < x, we
conclude Gb(x) ≤ g(b) ≤ g(x).
The above discussion leads to the desired equality
g(x) =
∨{
Gb(x) | b ∈ {0, 1}
n
}
.
Consequently, we obtain the following conclusion.
Corollary 3.9. Compatible aggregation functions on distributive lattices are
just their weighted idempotent lattice polynomials.
Let us stress that this statement does not depend on the cardinality of
a lattice L, and hence it holds also in a classical case when L = [a, b] is any
bounded interval of reals.
4. Sugeno integral as a compatible aggregation function
Consider a lattice ([0, 1], 0, 1,≤), where L = [0, 1] is the real unit interval.
Then each element a ∈ {0, 1}n can be identified with a characteristic function
of a subset I of {1, . . . , n}, a = 1I . Comparing formulae (3) and (9), the next
result is obtained easily.
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Theorem 4.1. Let L be a bounded distributive lattice and A : Ln → L be an
aggregation function. Then the following are equivalent:
(i) A is a compatible function
(ii) there is a monotone L-valued measure m on {1, . . . , n} so that A =
Sum, i.e., A is the Sugeno integral with respect to the measure m.
Note that the monotone measure m in Theorem 4.1 is given by m(I) =
A(1I). Our result brings a new characterization of the classical Sugeno inte-
gral in discrete setting. Evidently, due to (4), Theorem 4.1 can be extended
to any bounded distributive lattice (L, 0, 1,≤).
Based on our results, the following consequences for particular types of
lattices can be shown straightforwardly:
- if the considered bounded distributive lattice L is a direct product of
bounded distributive lattices Lk, k ∈ K [11] , then the n-ary Sugeno
integral on L with respect to an L-valued measurem can be represented
in the form of a direct product of n-ary Sugeno integrals on Lk with
respect to measures mk, where mk is the k-th projection of m into Lk
- if the considered bounded distributive lattice L is a horizontal sum
[11] of bounded distributive lattices Lk, k ∈ K, then the n-ary Sugeno
integral on L with respect to an L-valued measure m (with integrand
u) can be seen as supremum of n-ary Sugeno integrals on Lk with
respect to measures mk and with integrand u
k, where mk(I) = m(I) if
m(I) is from Lk, and mk(I) = 0 otherwise, and similarly, for the single
components of the integrated vector uk we have uki = ui if ui is from
Lk, and it is 0 otherwise (i = 1, . . . , n).
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5. Concluding remarks
We have introduced a new property which characterizes the discrete
Sugeno integral not only in its original form, when [0, 1]-valued functions
and measures are considered, but also in the case of general bounded lat-
tices. This property, compatibility, has an important impact for decision
procedures which will be the topic of our next investigations. Here we recall
only the next fact: in multicriteria decision problems based on n criteria and
dealing with alternatives described by score vectors from [0, 1]n, often the
exact numerical scores are replaced by some ordinal scale, e.g. by a linguis-
tic scale. The transition from numerical inputs to linguistic values is done
by means of interval partitions of the original scale [0, 1]. When looking for
normed utility functions (i.e., aggregation functions) where the output rec-
ommendation based on linguistic values does not depend on the numerical
values of score vectors, then due to Theorem 4.1 (applied for L = [0, 1]), only
Sugeno integrals (i.e., idempotent polynomials) can be considered.
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